Abstract. Using a result in the theory of tight closure on F -rational rings, we prove a criterion for local rings of positive prime characteristic to be complete intersections. As an application of our criterion, we give a new and simple proof for an extension of an algebraic result of Faltings that was used by Taylor and Wiles for a simplification of the proof of the minimal deformation problem.
Introduction
The theory of tight closure was created by Melvin Hochster and Craig Huneke. An important notion in the theory of tight closure is the notion of F -rationality. The main purpose of this paper is to use a result of Hochster and Huneke in [3] on F -rational rings to prove a criterion for local rings of positive prime characteristic to be complete intersections; see Theorem 2.5 for the precise statement.
In the appendix of [7] , Gerd Faltings proved an algebraic result that was used by Richard Taylor and Andrew Wiles to reprove the minimal deformation problem by a simpler method. As an application of Theorem 2.5, we give a simple proof for an extension of Faltings result; see Proposition 2.8. Our method to prove this result is completely new and fundamentally different from that of Faltings, in which he simplifies Taylor and Wiles's argument.
In the following we recall the minimal deformation problem very briefly. The modularity conjecture for semistable elliptic curves depends on a critical conjecture of Wiles that was proved in [7, 8] ; see Conjecture (2.16) of [8] .
Let D be a deformation theory and let R D and T D be the universal deformation and Hecke algebras associated to D, respectively. The universal property of R D implies that there is a ring homomorphism ϕ D : R D → T D . Wiles's conjecture asserts that ϕ D is an isomorphism. When D is a minimal deformation theory, then the above conjecture is called the minimal deformation problem. In this case, the Hecke algebra associated to D is of minimal level. Wiles's method in [8] to prove the above conjecture is closely related to showing that the minimal Hecke algebras are complete intersections, proved by Taylor and Wiles in [7] .
For different types of deformation theories and their relations, see Chapters 1 and 2 of [8] . We refer the interested reader to [6] for an elegant exposition of the above matters.
Definitions, notation and the main theorem
Throughout this paper all rings are commutative and Noetherian and all modules are finite (that is, finitely generated). We use the notation ν R (M ) and R (M ) for the minimal number of generators of M and the length of M over R, respectively. 
Proof. Let q = (x 1 , x 2 , ..., x t ) and for simplification write
Consider the following exact sequence in which c = tdn and α is the homothety by element u:
Obviously, there is a surjective map of the following:
B has finite length over Q. The ideal q is an n-primary ideal of A; therefore A (B/q
[n] B) is finite, and since k = A/n Q/m, it is clear that the length of B/q
[n] B over both Q and A are equal. From (a) we get that
, and from [5, (14. 10)] we find that
wherein the symbol e(A) is the multiplicity of A. Thus
.., a t be a minimal generator for m. The local ring Q is regular; hence the elements a j for 1 j t are analytically independent in m. Thus we have
The following equality is clear:
From (2.1.1) it is clear that Q (Ker α) = Q (Coker α), and from (2.1.2) we find that Let p be a prime number. In the rest of this paper, we assume that all rings are of characteristic p > 0. In the following, we recall some notions in the theory of tight closure. Definition 2.3. Let R be a ring and let J = (a 1 , ..., a t ) be an ideal of R. An element x ∈ R is said to be in the tight closure of J, and we write x ∈ J * if there is an element c ∈ R 0 such that for all large q = p n we have cx q ∈ J [q] , wherein R 0 is the complement of the union of all minimal primes of R and J To state the main theorem of this paper, we will make use of the following simple lemma, the proof of which is omitted. is generated by a system of parameters and it is tightly closed, it follows from [4, (4.2.e)] that A is F -rational and hence q = q * . Now it is easy to see that π is an isomorphism between complete intersection rings. Remark 2.6. Let (O, m, k) be a complete local ring with finite residue field k and let D be a minimal deformation theory. Let R and T be the universal deformation and Hecke O-algebras associated to D, respectively, and let ϕ = ϕ D be the homomorphism described in Section 1. In the appendix of [7] for a simplification of some arguments in Section 3 of [7] and Chapter 3 of [8] , Taylor and Wiles use an algebraic result of Faltings to re-prove that ϕ is an isomorphism between complete intersection algebras. We prove Proposition 2.8, which contains corresponding results due to Taylor and Wiles, and Faltings without the assumption of finiteness of k. Our method of proving the above result is totally different from their methods. In the following we refine the definition of a (level) n-structure due to Wiles and Faltings in [7] . 
Lemma 2.4. Let I be an ideal of R; then
(I * ) n ⊆ (I n ) * for n 1.
Theorem 2.5. Let η : (A, n) → (Q, m) be a local ring homomorphism such that dim A = dim Q = t, Q is regular, and the induced homomorphismη : A/n → Q/m is an isomorphism. Let q be an ideal of A generated by a system of parameters and let θ : Q → B be a surjective ring homomorphism such that Q (B/q
By a level n-structure we mean the above diagram with the following properties:
(1) There is a surjective homomorphism (2) and (3) we find that there is a surjective ring homomorphism such as the following:
Since T is a finite free O-module, from (3) it follows that T n /q T n is a finite vector space over k. We may assume that the length of T n /q T n over k[ [X] ] is equal to d. On the other hand, ϕ n is surjective. From this and the third property we have the following surjective homomorphisms: [[X] ] −→ R n /q R n ϕ : R n /q R n −→ T n /q T n such that α = ϕβ. It was shown that α is an isomorphism. Thus from (3) it is clear that ϕ is an isomorphism between R and T of complete intersection rings. Since T is a finite free O-module and ϕ is surjective, Nakayama's Lemma implies that ϕ is an isomorphism. It is obvious that the local ring T is a homomorphic image of O [[X] ]. Since T is a complete intersection ring, it follows that T and R are complete intersection O-algebras.
